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Abstract. Computational biology deals with processing
of genetic sequences. Next-generation sequencing machines
produce sets of short substrings of a DNA sequence, called
reads, which are further assembled to contigs. Recently
there has been proposed a method how to measure the dis-
tance between two sequences only from an assembly at the
level of contigs [8]. The original paper used a heuristic
for finding a suitable overlap of two contigs. The heuris-
tic was, however, not evaluated on its own in the original
paper. Here, we address this issue, and our results show,
that the relative error of the heuristic is small and that the
heuristic provides the exact result in more than two-thirds of
the cases.
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1. Introduction
The bioinformatics field deals with processing of ge-

nomic sequences. One of the most popular tasks is to esti-
mate similarity of two organisms from their DNA sequences.
The similarity can be calculated using a conventional dis-
tance measures as the Levenshtein distance [5] (sometimes
called the edit distance), which counts the minimum number
of changes that are needed to transform one sequence to the
other.

The Levenshtein distance can be used to build phyloge-
netic trees. A phylogenetic tree is a rooted tree, where the
root represents a hypothetical common ancestor of several
organisms, which are located in leaves of the tree. The inner
nodes of the tree show the evolutionary events that occurred
in the past and they correspond to a species splitting into
two new species. The tree can be built from a distance ma-
trix between the sequences using, for example, the neighbor-
joining algorithm [9] or UPGMA [11].

The problem with the current sequencing technologies
is that they are not able to read the whole sequence at once.
Instead, only short fragments, called reads, are sequenced.
Their length is usually from tens to hundreds of symbols.

The group of methods that rely on short reads and highly
parallel sequencing is called the next-generation sequencing
(NGS) [1].

The rest of the work needs to be done in silico. The
reads are assembled by an assembly algorithm (for exam-
ple [10, 2, 13]). In an ideal case, the assembly algorithm
produces a single putative sequence that matches the true
genome of the sequenced organism.

In the real world, this is usually not the case. The as-
sembly algorithms often fail to produce a single sequence,
but several shorter contigs are produced guided by prefix-
suffix overlaps of reads. Without any additional wet-lab se-
quencing, contigs cannot be further ordered or joined based
on short reads. The assembly process often fails due to the
nature of genetic data. First, there may be a region in the
original sequence, which is not contained in any reads. As-
sembly algorithm then cannot decide the missing part, nor
the order of contigs. Second, there are often repeating blocks
in DNA. If those repeats are longer than the read length,
the algorithm does not know how to order contigs that are
between repeats. Third, the sequence assembly problem is
known to be NP-hard, and therefore, heuristic approaches
are commonly used.

In our recent publication [8], we have published a
method how to build a phylogenetic tree from contig data,
i.e., only from partially assembled sequences. Part of this
publication deals with finding an overlap of two contigs,
which minimizes so-called post-normalized edit distance.
We based our algorithm in [8] on a quadratic heuristic; how-
ever, the original paper did not contain any evaluation or
guarantees on the quality of the overlap. In this paper, we
present an exact algorithm, which runs in cubic time and pro-
vides an optimal solution. We use this algorithm to show that
on contigs produced by an assembly algorithm, the heuristic
from [8] finds the optimum in more than two-thirds of cases.

2. Related Work
The Levenshtein distance [5] counts the minimum

number of changes that are needed to transform one se-
quence to the other. The formal definition is as follows.
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Definition 2.1 (Levenshtein distance) Let A and B be two
sequences. Then the Levenshtein distance of A and B (de-
noted dist(A,B)) is the minimum number of single symbol
edit operations insert, delete and substitute needed to trans-
form A to B.

Often we require a distance measure to be normalized
to the interval [0, 1]. There are several ways how to normal-
ize the Levenshtein distance. The normalization should be
done so that the final measure is still a metric, as proposed
in [6]. In that paper, the Levenshtein distance is defined as
a minimum of W (A,B)/L(A,B), where W (A,B) is the
cost for an alignment of A and B, and L(A,B) is the length
of this alignment. However, for our purposes, we deal only
with the post-normalized Levenshtein distance, which is not
a metric and is defined as follows.

Definition 2.2 (Post-normalized Levenshtein distance)
Let A and B be two sequences. The post-normalized
Levenshtein distance of A and B is

dist(A,B) =
dist(A,B)

max{|A|, |B|}
. (1)

The normalization in (1) is based on the following
property of the Levenshtein distance

dist(A,B) ≤ max{|A|, |B|}. (2)

If we consider overlap of two sequences, we would like
their distance to be as small as possible, and at the same
time, those two overlapping subsequences should be as long
as possible. Those two requirements go one against the other
and can be formalized as minimization of (1). An overlap of
two sequences A and B can be formalized as a search for
one of the following:

• a prefix of A (or B respectively), which is a suffix of B
(A), or

• a substring of A (or B), which matches B (A).

In the first case, the sequences overlap at their ends, B pre-
ceding A (or A preceding B). In the second case, one se-
quence is a subsequence of the other. We would like to find
from all possible overlaps the one minimizing (1). Formally
as follows.

Definition 2.3 Let S(A,B) be the set of all possible over-
laps of A and B as stated above. Find

overlap(A,B) = argmin
(a,b)∈S(A,B)

dist(a, b). (3)

In paper [8], we proposed a heuristic that approximates
(3) in quadratic time. The paper however missed any evalua-
tion how well this heuristic performs, which we will evaluate
in the following sections. The heuristic is presented in Alg.

1. The heuristic is based on a straightforward modification
of the standard Wagner-Fischer dynamic programming algo-
rithm [12]. Besides array dist, which registers the Leven-
shtein distance of the prefixes dist(i, j), we store two arrays
lenA and lenB that register lengths of those prefixes. An
overlap corresponds one of the following alignments in the
table:

• from the top to the bottom or from the left to the right,
which corresponds to the option when a sequence is a
substring of the other;

• from the top to the right or from the left to the bottom,
which is the case of a suffix matching a prefix.

Those two options mean that the top row and the left column
need to be initialized to zero. The minimum can be found
either in the bottom row or the right column. To avoid short
random overlaps (the size of the alphabet is 4), a threshold
of 20 is applied to the length of the overlaps. The heuris-
tic runs in quadratic time, same as the Wagner-Fischer algo-
rithm, which it is based on.

3. Exact Algorithm
In this section, we provide an exact algorithm to the

heuristic in Alg. 1. This algorithm runs in cubic time and
is guaranteed to provide the optimal solution to (3). This
algorithm was not part of [8]. Due to the high polynomial,
it cannot be used in real-world applications; however, it can
show that for real-world data, Alg. 1 is a good heuristic.

A naive implementation would run inO(|A|2|B|2). We
would simply take all prefixes of one sequence, calculate
their distance to all suffixes of the second sequence, and then
repeat the whole procedure with the opposite roles of the se-
quences. This means trying |A| prefixes and |B| suffixes,
where each possibility means evaluating a table of size up to
|A| · |B|.

We can notice that the algorithm does much redundant
work. Consider prefix b1b2 · · · bk matching a suffix of A.
If we calculate the distance of prefix b1b2 · · · bkbk+1 to the
same suffix of A, the table looks the same but for the last
row. This inefficiency may help us to reduce the amount of
work as we can save a linear factor by reusing these results.
In other words, we enforce a prefix of the second sequence to
overlap with the whole suffix of the first sequence. Then we
do the same procedure with the reversed role of the first and
the second sequence. By this way, we avoid theO(|A|2|B|2)
complexity and obtain a cubic algorithm. Pseudocode for the
algorithm is given in Alg. 2.
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Algorithm 1 Pseudocode for the heuristic used for finding overlap(A,B) [8].
function overlap(A,B)

dist, lenA, lenB ← 2D arrays of zeros of size (|A|+ 1)× (|B|+ 1)

for i ∈ {1, 2, . . . , |A|} do . for each row
for j ∈ {1, 2, . . . , |B|} do . for each column

5: choose the option that leads to the lowest d
max{lA,lB} :

gap in A: d← dist[i, j − 1] + 1; lA← lenA[i, j − 1]; lB ← lenB[i, j − 1] + 1
gap in B: d← dist[i− 1, j] + 1; lA← lenA[i− 1, j] + 1; lB ← lenB[i− 1, j]
(mis)match: d← dist[i− 1, j − 1] + JA[i− 1] 6= B[j − 1]K ;

lA← lenA[i− 1, j − 1] + 1; lB ← lenB[i− 1, j − 1] + 1

dist[i, j]← d, lenA[i, j]← lA, lenB[i, j]← lB
end for
CHECKOPTIMUM(i, |B|)

10: end for

for j ∈ {1, 2, . . . , |B| − 1} do CHECKOPTIMUM(|A|, j) end for
end function

function CHECKOPTIMUM(i, j)
if dist[i,j]

max{lenA[i,j],lenB[i,j]} is the smallest & min{lenA[i, j], lenB[i, j]} ≥ 20 then
15: the new optimum is located at (i, j), store it

end if
end function

Algorithm 2 Exact algorithm for the heuristic in Alg. 1.
function overlap(A,B)

for i ∈ {0, 1, . . . , |B| − 20} do overlap(A,B, i) end for . for each suffix of A
for i ∈ {0, 1, . . . , |B| − 20} do overlap(B,A, i) end for . for each suffix of B

end function

5: function overlap(A,B, aoffset)
dist← 2D array of zeros
for j ∈ {1, 2, . . . , |B|} do dist[aoffset][j] = j end for . initialize the first row
for i ∈ {aoffset, aoffset + 1, . . . , |A| − 1} do . fill the table as in Wagner-Fischer

dist[i+ 1][0] = dist[i][0]
10: for j ∈ {0, 1, . . . , |B|} do

dist[i+ 1][j + 1] = min{dist[i+ 1][j] + 1, dist[i][j + 1] + 1, dist[i][j] + JA[i] 6= B[j]K}
end for
if i− aoffset + 1 ≥ 20 and dist[i+1][|B|]

max{i−aoffset+1,|B|} is the smallest then
the new optimum is at i+ 1, |B| . check the last column for an optimum

15: end if
end for
for j ∈ {20, 21, . . . , |B| − 1} do

if dist[|A|][j]
max{|A|−aOffset,j} is the smallest then

the new optimum is at |A|, j . check the last row for an optimum
20: end if

end for
end function
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Fig. 1.
A histogram of the relative error of Alg. 1 to its exact
version in Alg. 2. The plot shows the histogram of the
relative error on 1000 sequences.

4. Experimental Evaluation
In Alg. 1, we presented a heuristic for finding the over-

lap of two contigs such that the post-normalized Levenshtein
distance from (1) is minimized. We did not provide any guar-
antees for the quality of the result, we stated that the heuris-
tic only approximates the optimum. In Alg. 2 we presented
an algorithm that provides the exact result, however not fast
enough.

In this section, we compare Algs. 1 and 2 to see that
on the real data the heuristic provides results that are usable
in the real-world on contigs produced by an assembly algo-
rithm. The contigs are results of an assembly of 81 Hepatitis
A segments. All of the sequences were downloaded from
the ENA repository [4]. Then we used the ART [3] program
to simulate sequencing with coverage α = 10 (the average
number how often each nucleotide is read) and read length
l = 70. The reads were assembled using the SPADES [7]
assembly algorithm to produce contigs. From those contigs,
we selected randomly one thousand pairs and calculated the
value of (1) for both algorithms. We calculated the ratio to
see how big the relative error is. The histogram of the results
can be seen in Fig. 1.

From the figure, we see that the large errors are rela-
tively sparse. In 698 cases out of 1000, the heuristic in Alg.
1 provided the same value of the optimized criterion (3) as
the exact algorithm in Alg. 2. The maximum relative error is
1.68, which means that the heuristic found an overlap which
was 68% from the optimum in the worst case. This error
was reached on an overlap shorter than 40 nucleotides. The
extreme values are, however, quite rare. The fifth largest rel-
ative error is less than 25%. Figure 2 indicates that large er-
rors are more common for short overlaps close to the overlap
threshold of 20 and with longer sequences, their frequency
decreases.
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Fig. 2.
Relative error of Alg. 1 to its exact version in Alg. 2 on
the length of the overlap.
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Fig. 3.
Runtime of Algs. 1 and 2 on the sum of the sequence
lengths.
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Figure 3 shows a dependence of the runtime on the sum
of sequence lengths and indicates that our theoretical evalu-
ation in the previous section is correct. The logarithmic axis
of the plot shows that both algorithms run in a polynomial
time with different exponents, which are 2 in the case of Alg.
1 and 3 in the case of Alg. 2.

5. Conclusion
We have evaluated a method for finding an overlap of

two sequences that minimizes the post-normalized Leven-
shtein distance. The heuristic approach was published in
[8], and in this paper, we presented an exact algorithm for
solving the problem. The original heuristic from [8] was not
evaluated by experiments on its own, and this gap was filled
in this paper.

There is however further work that needs to be done.
The heuristic itself runs in a time comparable to the classical
dynamic programming Wagner-Fischer algorithm, which is
commonly used for evaluation of the Levenshtein distance.
Despite its simplicity, sometimes the quadratic runtime may
be a limiting factor, especially when bioinformaticians deal
with long sequences. Therefore there is a need for a linear
heuristic.
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